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Set Builder Notation

@ Set builder notation defines a set by using the following form.
S = {x € A| x satisfies a specific condition}.

@ Examples

The set of all positive real numbers.

The set of all even integers.

The set of all real solutions to the equation x> + x — 1 = 0.
The set of all integer solutions to the equation x® + x — 1 = 0.
The set of all primes.
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A set Ais a subset of a set B, denoted A C B, if every element of Ais
also an element of B.

A set Ais a proper subset of a set B, denoted A C B, if every element

of Ais also an element of B, but A # B.




Subsets

@ The statement A C B can be expressed as a conditional:
xeA=xecB.

@ The difference between “subset” and “proper subset” is analogous
to the difference between < and <.
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elements.

@ The empty set is a subset of every set.

The empty set, or null set, denoted & or {}, is the set that contains no
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Let U be the universe of discourse.

The intersection of sets A and B is the set

AnB={xeU|xeAand x € B}.

The union of sets A and B is the set

AUuB={xeU|xecAorx e B}.




Let U be the universe of discourse.

The complement of a set A is the set

A°={xeU]|x¢A}

The difference of sets A and B is the set

A\B={xeU|xeAand x ¢ B}.
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Some IATEX

Math IATEX Symbol
Set builder \ { {
Set builder \'} }
Set builder \mid |
Subset \subseteq C
Proper subset \subset C
Empty set (ugly) \emptyset 0
Empty set (pretty) | \varnothing @
Union \cup U
Intersection \cap N
Complement “c ¢
Set difference \setminus \
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@ The code

A\setminus B\subseteq(A\cap B) "¢
will produce

A\ BC (AN B)°.

«0O0>» «F» «)>» « Q>

it
v



o Sets

© Some BTEX

© Proofs Involving Sets

0 Arbitrary Unions and Intersections

0 Some More IATEX

Q Proofs

@ Questions

«O0>» «F» «E» « E>» = Q>



ProofsimoiingSets
T ovresmmnoeons |

For any sets A, B, and C, ifAC B, then AnC C BN C.




@ Let A, B, and C be sets.
O
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@ Let A, B, and C be sets.
@ Suppose that A C B.




@ Let A, B, and C be sets.
@ Suppose that A C B.
@ letxe AnC.




@ Let A, B, and C be sets.
@ Suppose that A C B.

@ letxe AnC.

@ Thenx e Aand x € C.




Proof.
@ Let A, B, and C be sets.
@ Suppose that A C B.
@ letxe AnC.
@ Thenx e Aand x € C.
@ Because A C B, it follows that x € B.
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Proof.
@ Let A, B, and C be sets.
@ Suppose that A C B.
@ letxe AnC.
@ Thenx e Aand x € C.
@ Because A C B, it follows that x € B.
@ Therefore, x € BN C.
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Proof.
@ Let A, B, and C be sets.
@ Suppose that A C B.
@ letxe AnC.
@ Thenx e Aand x € C.
@ Because A C B, it follows that x € B.
@ Therefore, x € BN C.
@ Thus, AnCC Bn_C.
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For any sets A, B, and C,

(A\C)U(B\ C) < (AUB)\ C.
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@ Let A, B, and C be sets.
O
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@ Let A, B, and C be sets.
@ Letxe (A\C)U(B\ C).
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@ Let A, B, and C be sets.
@ Letxe (A\C)U(B\ C).
@ Thenx € A\ Corx e B\ C.
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@ Let A, B, and C be sets.

@ Letx e (A\C)uU(B\CC).
@ Thenx € A\ Corx e B\ C.
@ Case 1: Suppose x € A\ C.
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@ Let A, B, and C be sets.
@ Letxe (A\C)U(B\ C).
@ Thenx € A\ Corx e B\ C.

@ Case 1: Suppose x € A\ C.
e Thenx € Aand x ¢ C.
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@ Let A, B, and C be sets.
@ Letxe (A\C)U(B\ C).
@ Thenx € A\ Corx e B\ C.

@ Case 1: Suppose x € A\ C.
e Thenx € Aand x ¢ C.
@ Because x € A, then x € AUB.
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Proofs Involving Sets

Proof.
@ Let A, B, and C be sets.
@ Letxe (A\C)U(B\C).
@ Thenx e A\ Corx e B\ C.

@ Case 1: Suppose x € A\ C.

@ Thenx € Aand x ¢ C.
@ Because x € A, then x € AUB.
e Therefore, x € (AU B) \ C.
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@ Case 2: Suppose x € B\ C.
O
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@ Case 2: Suppose x € B\ C.
e Then x € Band x ¢ C.
O
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@ Case 2: Suppose x € B\ C.
e Then x € Band x ¢ C.

@ Because x € B, then x € AU B.
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@ Case 2: Suppose x € B\ C.
e Then x € Band x ¢ C.

@ Because x € B,thenx € AUB.
e Therefore, x € (AU B) \ C.
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e Therefore, x € (AU B) \ C.
@ Therefore, x € (AUB)\ C.

@ Case 2: Suppose x € B\ C.
e Then x € Band x ¢ C.
@ Because x € B,then x € AU B.
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Proofs Involving Sets

Proof.

@ Case 2: Suppose x € B\ C.

e Thenx € Band x ¢ C.
@ Because x € B, then x € AUB.
e Therefore, x € (AU B) \ C.

@ Therefore, x € (AUB)\ C.

@ If follows that (A\ C)u(B\ C) C (AUB)\ C.
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@ Now prove the converse.
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@ Now prove the converse.
@ That is, prove that

(AUB)\ CC (A\C)U(B\ C).
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@ Now prove the converse.
@ That is, prove that

(AUB)\CC (A\C)u(B\C).
@ Why is that the “converse?”
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Proofs Involving Sets

@ Now prove the converse.
@ That is, prove that

(AUB)\ CC (A\ C)U(B\ C).

@ Why is that the “converse?”
@ After proving the converse, it follows that

(A\C)U(B\ C)=(AUB)\C.
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Indexing Notation

@ We are familiar with the indexing notation when working with
Sequences Xi, Xo, X3, - . ..

@ The sequence can be abbreviated as

{XI i=1»

or more simply as
{Xi}ien.

@ We represent the infinite sum x4 + xo + x3 +--- as

Zx, or Zx,

ieN
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Indexing Sets

@ When working with a collection of sets, it is often convenient to do

the same thing.
@ For example, rather than write

ABC,...,

we write
A, A As, . ...

@ This can be abbreviated as

{Ai}Zq or {Ai}ien
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Arbitrary Unions and Intersections

@ Rather than “add” sets, we take their union and their intersection.

@ The union of a collection of sets
AiUA UAsU---

is denoted

Ej A,' or U A,'.
i=1

ieN
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@ The intersection of a collection of sets

AiNANAsN---
is denoted

ﬁ A,' or m A,'.
i=1

ieN
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Arbitrary Unions and Intersections
Definition (Arbitrary Union)
| JAi={xeU|xeAforsome e N}

ieN
—{xeU|(@BieN)(xeA)}.

Definition (Arbitrary Intersection)

[ Ai={xeU|xe Aforevery i € N}
N

={xeU|(VieN)(x e A)}.
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Some More ATEX

Math IATEX Symbol
oo
Sum \sum_{i=1}"\infty A_i D> A
i—1
Sum \sum_{i\in\mathbb{N}}A_ i ZA,-
ieN
Union \bigcup_{i\in\mathbb{N}}A_i UA,
ieN
Intersection | \bigcap_{i\in\mathbb{N}}A_ i ﬂ A
ieN
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Example

oletTh={xeR|-1<x<1}=(-11) whereneN.
o Describe [ J Tn.
n=1

o Describe ﬂ Th.

n=1
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Example

@ Let M, = {k € Nk is a multiple of n}, where n € N.
o Describe U M,.
n=1

o Describe ﬂ M,.

n=1
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Example

@ Let M, = {k € Nk is a multiple of n}, where n € N.
o Describe U M,.
n=1

o Describe ﬂ M,.
n=1
10
o Describe ﬂ M,

n=1
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Example

@ Let S, ={k e N|n< k <2n},where n e N.
o Describe | | S;.
n=1

o Describe ﬂ S,.

n=1
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Example

@ Let S, ={k e N|n< k <2n},where n e N.
o Describe | | S;.
n=1

o Describe ﬂ S,.

n=1

@ Prove that U S, =N.

n=1
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Example

@ Let S, ={k e N|n< k <2n},where n e N.
o Describe | | S;.
n=1

o Describe ﬂ S,.

n=1
@ Prove that U S, =N.

n=1

@ Prove that ﬂ S, = o.

n=1
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Example

© Let A, = {k e N|n® < k < n? +2n}, where n € N.
o Describe U An.
n=1

o Describe ﬂ A

n=1
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Example

© Let A, = {k e N|n® < k < n? +2n}, where n € N.
o Describe U An.
n=1

o Describe ﬂ A
n=1
@ Prove that U A, =N.

n=1
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Example

© Let A, = {k e N|n® < k < n? +2n}, where n € N.
o Describe U An.
n=1

o Describe ﬂ A
n=1
@ Prove that | J A, =N.
n=1
@ Prove that ﬂ A, =0.

n=1
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Let {A;}icy be a collection of sets and let B be a set. Then

i\ B)= (UAi) \ B
ieN
and

ieEN
[ (Ai\B) = (ﬂAi) \B
ieN ieN
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@ Let {A;};en be a collection of sets and let B be a set.




@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).




@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).
@ Then x € A;\ Bforalli € N.




@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).

@ Then x € A;\ Bforalli € N.

@ Soxc Ajforallie Nand x ¢ B.




@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).

@ Then x € A;\ Bforalli € N.

@ Soxc Ajforallie Nand x ¢ B.

@ Thatis, x € (cyAiand x ¢ B.
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Proof

Proof.
@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).
@ Then x € A;\ Bforall i € N.
@ Sox e Ajforallie Nand x ¢ B.
@ Thatis, x € (cyAiand x ¢ B.
@ Therefore, x € (Uiey Ai) \ B.
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Proof

Proof.
@ Let {A;};en be a collection of sets and let B be a set.
@ Let x € ey (Ai\ B).
@ Then x € A;\ Bforall i € N.
@ Sox e Ajforallie Nand x ¢ B.
@ Thatis, x € (cyAiand x ¢ B.
@ Therefore, x € (Uiey Ai) \ B.
o It follows that | ;e (Ai \ B) € (Ujen Ai) \ B.
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@ Now suppose that x € (;cy Ai) \ B.
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@ Now suppose that x € (;cy Ai) \ B.
@ Then x € J,cyAjand x ¢ B.
@ Thatis, x € A;forall i € Nand x ¢ B.




@ Now suppose that x € (;cy Ai) \ B.
@ Then x € J,cyAjand x ¢ B.

@ Thatis, x € A;forall i € Nand x ¢ B.
@ Soxec A\ BforalljieN.




@ Now suppose that x € (;cy Ai) \ B.
@ Then x € J,cyAjand x ¢ B.

@ Thatis, x € A;forall i € Nand x ¢ B.
@ Soxec A\ BforalljieN.

@ Therefore, x € (Uiey Ai) \ B.
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Proof

Proof.
@ Now suppose that x € (U;cy Ai) \ B.
@ Then x € J,cyAjand x ¢ B.
@ Thatis, x € Ajforalli e Nand x ¢ B.
@ Sox € A;j\ Bforall i € N.
@ Therefore, x € (Uiey Ai) \ B.
o It follows that (U;cy Ai) \ B € Ujen (Ai \ B).
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Proof

Proof.
@ Now suppose that x € (U;ey Ai) \ B.
@ Then x € J,cyAjand x ¢ B.
@ Thatis, x € Ajforalli e Nand x ¢ B.
@ Sox € A;j\ Bforall i € N.
@ Therefore, x € (Ujen Ai) \ B.
e It follows that (U;cy Ai) \ B € Uiey (A \ B).
@ Thus, Ujcy (Ai\ B) = (Uien A1) \ B.
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@ If Ay C Aiforall i€ N, whatis | J;cy Ai?

it
v
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@ If Ay C Aiforall i€ N, whatis | J;cy Ai?

@ If A; C Ajyq forall i € N, what is ;. Ai?
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@ If Ay C Aiforall i€ N, whatis | J;cy Ai?
@ If A; C Ajyq forall i € N, what is ;. Ai?
@ If A; C Ajyqforalli e N, whatis ;o Ai?
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@ If Ay C Aiforall i€ N, whatis | J;cy Ai?
@ If A; C Ajyq forall i € N, what is ;. Ai?
@ If A; C Ajyqforalli e N, whatis ;o Ai?
@ If Ay C Ajforalli € N, whatis (. Ai?



Questions

(Ui M)\ (Ui B) | Uien (Uien(41\ B))
(Uiess M)\ (Njew B) | Uien (Nyer(A1\ B))
(Nics )\ (Ui B) | Niew (Uien(41\ B))
(ﬂieN Ai) \ (ﬂjeN B/) Nien <ﬂ/eN(A/ \ B/))

Which sets are equal?

Robb T. Koether (Hampden-Sydney College) Sets Mon, Feb 15, 2016 38/38



	Sets
	Some LaTeX
	Proofs Involving Sets
	Arbitrary Unions and Intersections
	Some More LaTeX
	Proofs
	Questions

